Abstract. Most of the algebras appearing in the theory of rings of differential operators, quantized algebras of different kinds (including many quantum groups), regular algebras in projective non-commutative geometry, etc... come equipped with a natural gradation or filtration controlled by some finite dimensional vector space(s), e.g. the degree one part of filtration or gradation. In this note we relate the valuations of the algebras considered to unramified sub-lattices in some vector space(s).
Introduction
Several classes of algebras recently studied extensively, including rings of differential operators, quantized algebras of different types including many quantum groups, regular algebras in noncommutative geometry, etc..., have a natural gradation or filtration often related to a presentation by generators and relations. On the ground field we consider Γ-valuations for a totally ordered abelian group Γ and we are interested in algebraic structure results relating the original algebra and its reduction to the residue field. When the filtration or gradation is described by suitable finite dimensional vector-spaces, then we look for "good filtration" type properties (see also [5] ) obtained from properties of sub-lattices of the vector-spaces defining the filtration (gradation). Trying to induce these good filtrations from some filtered ring which is a nice order in the original algebra leads to the introduction of (unramified) reductors. One of the key problems is to obtain a reductor such that the "canonical" filtration defined on it is a Γ-separated filtration, and guided by this we introduce the notion of the unramified filtered (graded) reductor. The situation at hand is that case may be thought of as a useful generalization of the notion of (unramified) extension of the valuation (to some ring of fractions of the original algebra). Our results apply to a large class of examples but we focus mainly on affine algebras and positively graded algebras. Results in this paper open the door to a Γ-prime divisor theory, paralleling the commutative theory, which we hope to comeback to in future work.
Throughout this paper we consider K as being a field, Γ a totally ordered group and v : K −→ Γ ∪ {∞} a valuation on K. We always assume that v is surjective, hence Γ is a commutative group. Set O v the valuation ring of K associated to v, m v its unique maximal ideal and k v = O v /m v the residue field. For a given ring R a family F R of additive subgroups F γ R, γ ∈ Γ satisfying (i) γ ≤ δ implies F γ R ⊆ F δ R, (ii) F γ R F δ R ⊆ F γ+δ R, for all γ, δ ∈ Γ, (iii) 1 ∈ F 0 R, is a called a Γ-filtration on R. For a Γ-filtration F R we may define the associated graded ring G F (R) = ⊕ γ∈Γ F γ R/F <γ R, where F <γ R = γ <γ F γ R. We say that F R is Γ-separated if for every a ∈ R, a = 0 there is a γ ∈ Γ such that a ∈ F γ R − F <γ R. Note that for Γ = Z the Γ-separatedness is equivalent to the separatedness, that is ∩ n∈Z F n R = 0, but for an arbitrary Γ the latter condition may be strictly weaker. If F R is Γ-separated, then we may define the principal symbol map σ :
It is well known that v F is a valuation function on R whenever G F (R) is a domain; see [7, Corollary 4.2.7] . On the other side, for a valuation v on K as before we consider a Γ-filtration f
All the filtrations considered in this paper are supposed to be exhaustive, that is ∪ γ∈Γ F γ R = R. For other unexplained notation the reader is referred to [7] . 
When equality holds we say that M defines an unramified reduction of V .
Proof. (i) It is a well-known fact that finitely generated torsion-free modules over valuation rings are free. Since the O v -module M is contained in a K-vector space, it is torsion-free.
( 
There also exists an element a j = 0 such that a *
is an exhaustive filtration, but we do not know if it is Γ-separated or not. As we see bellow the valuation filtration is Γ-separated whenever M is a free O v -module.
Since F A is finite and separated, it must be left limited, i.e. there is n 0 ∈ Z such that F n A = 0 for all n ≤ n 0 . Without loss of generality we may suppose that the filtration F A is positive, that is F n A = 0 for all n < 0. Consider Λ ⊂ A a subring. The induced filtration F Λ of F A on Λ is given by
The existence of (unramified) F -reductors in the general case seems to be unlikely, but in case the algebra is given by a finite number of generators and finitely many relations that reduce well, it is easy to find one. Note that finite dimensional algebras over fields have always unramified reductors; see [6, Proposition 1.2] . When such a reductor there exists the valuation filtration on A turns out to be Γ-separated.
Proposition 1.5. Let A be a filtered K-algebra with a finite filtration F A and Λ ⊂ A an unramified F -reductor. Then the valuation filtration F
Proof. F n Λ is a free O v -module for all n ∈ N. From Lemma 1.3 we get that the valuation filtration F v (F n A) is Γ-separated for all n ∈ N, and by using [1, Proposition 3.
Note that for Γ = Z an F -reductor necessarily defines a separated filtration. In this case F n Λ is a finitely generated O v -module, hence it is free; see Proposition 1.2(i).
In the following we prove some properties of the unramified F -reductors. First we show that the unramified F -reductors are free O v -modules.
Proof. The non-trivial case is i < j. In the proof of Proposition 3.5 from [1] we showed that
We can continue this way and we obtain a sequence (x n ) n≥1 of elements in Λ that forms an O v -basis of Λ.
The next result shows that the unramifiedness is preserved by taking the intersection with a filtered subring.
Proof. We consider on A the induced filtration F A = F A ∩ A , and similarly for Λ we have for all u = 1, . . . , t, and moreover {x 1 , . . . , x r , z 1 
. . , s}, and set z * u = bz u . The elements
The unramifiedness also behaves well with respect to the tensor products. 
Proof. It is a classical result that A = A ⊗ k A , where A is the centralizer of A in
A, and now we apply Proposition 1.9.
The property of an unramified F -reductor of being a valuation ring is completely described by its reduction over O v .
Proposition 1.11. Let ∆ be a skewfield that contains K in its center, F ∆ a finite filtration on ∆, and Λ ⊂ ∆ an unramified F -reductor. Then Λ is a valuation ring (for ∆) if and only if Λ is a skewfield.
Proof. Assume that Λ is a valuation ring for ∆ with maximal ideal m. Obviously m v Λ ⊂ m, and we aim to show that the foregoing inclusion is an equality. Pick an element x ∈ m. Then x −1 ∈ ∆ − Λ, and thus we get an n ∈ N such that x ∈ F n Λ and x where {x 1 , . . . , x r } is an O v -basis for F n Λ, and a K-basis for F n A. By standard arguments we get an j ∈ {1, . . . , r} such that b *
. By taking the residues modulo m v F n Λ we get that 0 = ( Let A be an affine K-algebra generated by a 1 , . . . , a n , K < X > the free K-algebra on the set X = {X 1 , . . . , X n } and π : K < X > −→ A the canonical K-algebras morphism given by π(X i ) = a i , i = 1, . . . , n. Restriction of π to O v < X > defines a subring Λ of A, i.e. Λ = π(O v < X >). As before, the subring Λ yields a valuation filtration
It is easy to see that for a graded K-algebra A that has a finite P BW -basis, the subring Λ is an unramified F -reductor with respect to the grading filtration F A.
Note now that via Proposition 1.5 we get a new proof of the following result (Theorem 3.4.7 from [7] 
Proposition 1.14. If A is a K-algebra with a finite filtration and Λ ⊂ A an unramified F -reductor of A, then the associated graded ring G v (A) is isomorphic to the twisted group ring A * Γ, where
It is a common strategy to deduce properties of A from properties of G F (A) whenever possible. Let us focus on the graded situation now.
Let R be an N-graded K-algebra with K ⊆ R 0 . Suppose that the gradation is finite, i.e. dim K R n < ∞ for all n ∈ N and let Λ ⊂ R be a graded subring. Then Λ is called a graded reductor
It is rather easy to see that we have similar properties for unramified graded reductors to the ones already proved for unramified F -reductors. We mention here only one of them, but the interested reader is invited to do it on his own.
Proposition 1.16. Let R be an N-graded K-algebra with a finite gradation and Λ ⊂ R an unramified graded reductor. Then the valuation filtration F
Proof. Λ∩R n is a free O v -module for all n ∈ N. Lemma 1.3 entails that the valuation filtration F v R n is Γ-separated for all n ∈ N, and by using [1, Proposition 3.7(ii)] we have that F v R is Γ-separated.
We also remark that for Γ = Z a graded reductor necessarily defines a separated filtration. We mention another interesting case when a graded reductor defines a Γ-separated filtration, the case of connected positively graded algebras. Recall that a
K-algebra R is called a connected positively graded algebra if
. . , X n } are indeterminates over K, and take π : K < X > −→ R a presentation of R. If we set Λ = π(O v < X >), then dim K R 1 = n since no elements of degree one in the gradation of K < X > are in R, the ideal of relations of R. Nevertheless, dim K R n and dim K R n may be different for n > 1. However, we can prove the following. Proof. Note first that Λ is a graded ring, where the gradation is the one inherited from O v < X > via π. All we have to do is to show that Λ is a graded subring of R, i.e. Λ n = Λ ∩ R n for all n. For n = 0 it means that O v = Λ ∩ K which is obviously true. For n > 0, pick an element x ∈ Λ ∩ R n . Since x ∈ R n there exists an element a ∈ O v such that ax ∈ Λ n , and since x ∈ Λ there exists y ∈ O v < X > such that x = π(y). Writing y as a sum of homogeneous components, y = i≥0 y i , and multiplying the relation by a ∈ O v we get that aπ(y i ) = 0 for all i = n, therefore π(y i ) = 0 for all i = n, that is x = π(y n ) ∈ Λ n . Thus we get that Λ is a graded reductor and Λ n is O v -free for all n (note that Λ n is a finitely generated O v -module), and consequently F v R is Γ-separated.
Note that graded reductor Λ defined above is not necessarily unramified, although all its graded components are free O v -modules.
For the sake of completeness we recall here the following result (Lemma 3.3 from
Proposition 1.19. Let A be a K-algebra with a finite filtration F A, and Λ ⊂ A a subring.
is an unramified graded reductor we use Lemma 1.18(i). That Λ ⊂ A is an unramified graded reductor follows by the definition of Rees algebra.
(ii) By induction using Lemma 1.18(ii).
Consequently any unramified F -reductor give rise to an unramified graded reductor. On the other side, an unramified graded reductor is an unramified F -reductor, where F R is the grading filtration.
As applications of the above Proposition 1.19 we mention here two results: the first one is Theorem 2.6 from [5] , and the second one is Proposition 3.2 from [3] . It is worthwhile to remark that in both cases our results hold for every Γ-valuation, while their results are given only for discrete valuations. Proof. (i) Since G F (Λ) n are all finitely generated O v -modules, we easily get that F n Λ are all finitely generated O v -modules, and thus Λ is an F -reductor. Once again we apply Proposition 1.1(i) and deduce that F n Λ are O v -free, and this is enough in order to conclude that the valuation filtration Proof. We consider on A the generator filtration F A. In principle, we do not know that G F (Λ) is contained in G F (A), and that is why we are asking for flatness. To enter the details, take x ∈ F n Λ ∩ F n−1 A. We want to show that x ∈ F n−1 Λ. Suppose that this is not true. Then there exists an a ∈ O v − {0} such that ax ∈ F n−1 Λ which means that ax = 0 in the associated graded ring G F (Λ). As we know that G F (Λ) is a flat O v -module, i.e. torsion-free, we get a contradiction. Therefore
is a graded reductor with finitely generated (hence free) graded components, and this is enough to see that Λ ⊂ A is an F -reductor with all filtered parts O v -free.
Here there are some (old) examples of algebras that admit unramified reductors. (iii) For the Weyl algebra R = A n (K) we take Λ = A n (O v ). We claim that Λ is an unramified graded reductor of R. First note that Λ is a free O v -module, therefore it defines a good reduction of R. On the other side, we have that rank O v Λ n = dim K R n for all n ∈ N, since Λ and R have the same P BW -basis, and so Λ is an unramified graded reductor of R. It is also an F -reductor since the associated graded ring of A n (K) with respect to the Bernstein filtration is a polynomial ring. 
